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We study chiral symmetry breaking for relativistic fermions, described by a parity violating La- 
grangian in 2+1-dimensions, in the presence of a heat bath and a uniform external magnetic field. 
Working within their four-component formalism allows for the inclusion of both parity-even and -odd 
mass terms. Therefore, we can define two types of fermion anti-fermion condensates. For a given 
value of the magnetic field, there exist two different critical temperatures which would render one 
of these condensates identically zero, while the other would survive. Our analysis is completely gen- 
eral: it requires no particular simplifying hierarchy among the energy scales involved, namely, bare 
masses, field strength and temperature. However, we do reproduce some earlier results, obtained 
or anticipated in literature, corresponding to special kinematical regimes for the parity conserving 
case. Relating the chiral condensate to the one-loop effective Lagrangian, we also obtain the magne- 
tization and the pair production rate for different fermion species in a uniform electric field through 
the replacement B — s- —iE. 

PACS numbers: 12.20.-m, 11.30.Rd, ll.30.Er 
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I. INTRODUCTION 

Quantum electrodynamics in three dimensions (QED3) 
is of enormous and recurrent interest due to its qualita- 
tive similarity with QCD. It exhibits confinement and 
dynamical chiral symmetry breaking despite its tremen- 
dous simplicity as compared to its non-abelian partner. 
Being super renormalizable, it has no ultraviolet diver- 
gences, implying that its perturbative beta function is 
zero. Therefore, it serves as an ideal framework within 
which one can have a better understanding of the phe- 
nomena of confinement, dynamical mass generation and 
the connection between them, [l|. Moreover, the infra- 
red behavior of a d-dimensional theory at high temper- 
ature has been shown to be equivalent to the {d — 1)- 
dimensional theory at zero temperature, [^. In partic- 
ular, QED4 at high temperature has features equivalent 
to QED3 with coupling e^T. Findings in d, [j| provide 
vivid examples of this connection. 

There are many condensed matter systems whose low 
energy spectrum resembles that of fermions in (2+1)- 
dimensions |5|-|9|, including graphene in the massless ver- 
sion [101 . In this connection, QED3 has been suggested to 
strongly resemble the theory describing superconductor- 
insulator transition at T = and the pseudo-gap 
phase in under-doped cuprates. There appears to ex- 
ist a chiral symmetry at low enough energies in stan- 
dard d-wave superconductors. The destruction of the 



super-conducting phase which leads to the appearance of 
the anti-ferromagnetism corresponds to the spontaneous 
breaking of this chiral symmetry. This mechanism of 
spontaneous chiral symmetry breaking has been seen to 
be formallyanalogous to the dynamical mass generation 
in QED3 [3|. Interest in the behavior of such systems 
in the presence of a heat bath and external fields sparks 
a corresponding interest to explore QED3 under these 
conditions. 

One should note that new features emerge in the un- 
derlying QED3 Lagrangian, like the appearance of an ad- 
ditional mass term which is parity non-invariant and is 
associated with a second fermion condensate in the the- 
ory. The Lagrangian thus describes two fermion species 
which, in a convenient "flavor"-basis, are non-degenerate 
in mass and describe a light and a heavy fermion. Such 
parity violating Lagrangians are relevant, for instance, in 
several four- fermion interaction models |ll| . Moreover, 
in the context of the phase transition in Bi2Sr2CaCu20a 
observed by Krishana et. al., \1^, it has been sug- 
gested [l3| that parity and time reversal violating pla- 
nar models could provide a plausible explanation of the 
phenomenon observed at finite temperature and in the 
presence of a background magnetic field, further trigger- 
ing the need to study a model with these characteristics. 

In this article, we study parity violating QED3 with 
a 4-dimensional reducible representation of the La- 
grangian. The breaking of chiral symmetry is caused 



by adding the mass term mijjilK Though we also have 
the term ■uio'ipTip, with t =_[7^,7^]/2, often referred to 
as the Haldane mass term [lj|, it conserves chiral sym- 
metry. Chiral and parity symmetry breaking give rise to 
the parity conserving condensate (ipip) (related to m) and 
the parity violating condensate (ipT'ip) (related to mo), re- 
spectively. We can define convenient linear combinations 
of these condensates which separate the sectors of differ- 
ent fermion species, light and heavy. We denote them 
as (iptp)- ^-iid (ipilj):, respectively, and derive their ex- 
plicit expressions in the presence of a magnetic field and 
a heat bath without resorting to any particular hierar- 
chy among the energy scales involved, i.e., the bare mass, 
the magnetic field strength VeB, and the temperature T. 
The effects of the external magnetic field and the ther- 
mal bath are found to be diametrically opposed for both 
of them. Earlier studies of dynamical chiral symmetry 
breaking with these ingredients, considered separately, 
have already demonstrated that magnetic fields support 
the formation of condensates while temperature tends to 
destroy them. Here, for given values of eB and the pa- 
rameter a ~ mo/m, which accounts for parity-violation 
effects, there exist two different values of the critical tem- 
perature T^ and T'L. T^j: corresponds to (V'V')+ ^ 
while (V'V')- 7^ and Tf ensures (■i/'V')^ ^ 0, main- 
taining {'4}il))+ 7^ 0. We also compute the magnetization 
and then the pair production rate for the two fermion 
species in a uniform electric field through the replace- 
ment B — > —iE. The light fermions are produced more 
copiously than the heavy ones. Moreover, this effect is 
enhanced for intense electric fields. 

The article is organized as follows: In Sect. II, we start 
out by describing the symmetries of the Dirac Lagrangian 
in a plane, including both parity conserving and violating 
fermion mass terms. Sect. Ill is devoted to calculating 
both the condensates in the presence of a uniform mag- 
netic field and a heat bath. In Sect. IV, we relate the 
fermion condensate to the one-loop effective Lagrangian 
and obtain the expressions for the magnetization and the 
pair production rate for the two species of fermions. Con- 
clusions are presented in Sect. V. 



der the chiral-like transformations : rUo'ipTip. The term 
rmpip is even under parity V and time reversal T trans- 
formations, whereas, motpTip is not. The corresponding 
free Dirac Lagrangian in this case has the form 



C = ip{i^ — m — moT)ip 



(1) 



There are many planar condensed matter models in 
which the low energy sector can be written as this ef- 
fective form of QED3, for which the physical origin of 
the masses depends on the underlying system |5| . Exam- 
ples are d-wave cuprate superconductors [y, |7| , d-density- 
wave states |8|, layered graphite [3| and graphene in the 
massless version [10|. We choose the Dirac matrices as 
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Each of the mass terms is associated with a condensate; 
m is related to the ordinary condensate, whereas TOq is 
related to {ipr^p). As mentioned before, the antonym 
properties of the mass terms suggest that the Lagrangian 
describes two fermion species, which in graphene corre- 
spond to the different species in each triangular sublat- 
tice of the hexagonal lattice. This can be comprehended 
easily if we work with chiral-like eigenstates rather than 
with parity eigenstates. For this purpose, it is convenient 
to introduce the chiral-like projectors 



X± 



lil±r) 



(4) 



which verify, [Hi, x± = X±, X+X- 
along with the trace properties 

Tr[x±] = 2 , 



0, X+ + X- 



(5) 



II. FERMIONS IN A PLANE 

Let us briefly review the model we consider in this 
article. For details, see Ref. ^^. Working with an or- 
dinary 4x4 representation for the Dirac 7^-matrices, 
it is plain that only three of them are required to de- 
scribe the dynamics on a plane. We can choose them to 
be {7", 7^, 7^}. As 7^ and 7^ commute with these 
three matrices, the corresponding massless Dirac La- 
grangian is invariant under two chiral-like transforma- 
tions ip — >■ e^"^ ip and ip — )- e^^'^ ip. In other words, it is 
invariant under a global f/(4) symmetry with generators 
1, 7"^, 7^ and [7'^, 7^]. This symmetry is broken by an 
ordinary mass term rmptlj. Notice, however, that there 
exists the Haldane mass term |l4| . which is invariant un- 



The "right handed" '0+ and "left handed" ip- fermion 
fields are given by ip± = x±V'- The x± project the upper 
and lower two component spinors (fermion species) out 
of the four-component spinor ijj. The chiral-like decom- 
position of the free Dirac Lagrangian then becomes 



C ~ ijj+{i^ — m^)ip+ + %l)-{i^ — m-)ip- 



(6) 



where m± = m ± mo, and it obviously describes two 
species of fermions, each with a different mass, m±. This 
allows us to define a more convenient set of condensates 



ii^^)-. 



{ipTp) ± {tpTIp) 



(7) 



We evaluate these condensates in the next section by re- 
lating them to the fermion propagator and employing 
Schwinger's proper time method. 



III. THE CONDENSATES 

In the section, we calculate the condensates {'4'ip)± 
in the presence of a thermal bath and a uniform mag- 
netic field perpendicular to the plane of motion of the 
fermions. In terms of the fermion propagator, {ipip)± = 
—Tr\S+(x,x)]. Following the notations and conven- 
tions of Il7l| . within the Schwinger's proper time frame- 
work |18| . the fermion propagator can be expanded over 
the Landau levels UM as 



^±(fc)-*E 



;=o 



kl - 2leB -ml+ie 






X± + 7^ X± , (8) 



where di{a) = (-l)'e-"i;"^(2a)_, d[ 



-- ddi/da, D 



(to±-|-^o) + ^_l(™± — ^o)/^_L and£) = — 7":(X7M,m±-t-fo; 
Here L™{x) are the associated Laguerre polynomials and 

M^ = (1,0). In case of a heat bath, the 4- vector u^ de- 
scribes the plasma rest frame. Hence, the condensate 
acquires the form 



('0V') ± = —i2m± 



(27r)3 



E 



;=o 



(-l)'e-^Lr\S) 
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It 



(9) 



We calculate the effect of a heat bath on the condensates 
within the imaginary-time formulation of thermal field 
theory (see, for example, [20|)- I'^ this formalism, the 
integration over time component fcg is replaced by a sum 
over Matsubara frequencies according to the prescription 



d^k 

(2^ 



/(fc)^r^ 



d^k 

(2^ 



/(w„, k) , 



(10) 



where a;„ = (2n + 1)-kT for fermions, with n ~ 
0, ±1, ±2, ±3 . . ., and T is the temperature. Thus at fi- 
nite T and B, the condensate is given by 



A(0^), 



m±eB y. ^ 5oi)fi{^2leB + ml) 



2tt 

1=0 



2leB + m| 



(11) 



where fi(x) = {e~ +1)^^ is the Fermi-Dirac distribution. 
The notation used is A(?/'-0) = {'ipip) — {ipip)Q, where the 
subscript stands for the value in pure vacuum, i.e., for 
B,T = 0. The presence of the superscript B on the last 
term on the right highlights the fact that this quantity is 
evaluated in the presence of a magnetic field but at zero 
temperature. We can rewrite Eq. (jlip as follows : 



A(^0), 



m±eB 

47r2 Jo 
coth(ei?s) 



ds 

"^ -sm 
1 " 

- A(i^^) 



1-64 0,e 



(12) 



where Q^iujx) is the fourth Jacobi-theta function. The 
exact expression for the condensates is plotted in Fig. [T] 




FIG. 1: Temperature and magnetic field dependent fermion 
condensates as a function of eB /m\ and T/m±. 
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FIG. 2: Contour plot for the temperature and magnetic field 
dependent fermion condensates as a function of eB/m\ and 

r/m±. 



Due to the fact that the functional dependence of the con- 
densates upon their respective bare masses is the same, 
we have defined dimensionless quantities in terms of the 
corresponding powers of m±. The combined effects of 
the two agents on these quantities are such that at high 
temperatures and weak magnetic fields, the condensates 
are positive, but in the opposite regime when tempera- 
tures are low and the magnetic field is intense, it pulls 
down the condensates to their large negative values. In 
the region where the condensates do not deviate much 
from its zero value, temperature and magnetic field tend 
to nullify the effect of each other, as can be better seen 
from the contour plot displayed in Fig. [5J Of course the 
numerical details which define the intense and weak mag- 
netic field limit for each fermion species depend on the 
value of the parameter a = mo/m. As A{i/jip)± — 
would correspond to two different criticality curves, one 
deduces that there exist two critical temperatures. T^ 
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TABLE I: Fit parameters for Eq. ([131) in units of mo = 0.05 
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FIG. 3: Critical temperature squared vs. magnetic field for 
different masses. Solid lines represent the fit in Eq. (|13|l . 



renders {^pip)^ = while (ip^j)- 7^ and T~ guarantees 
(ipip)- = 0, preserving {ip'4')+ 7^ 0- This is better seen in 
Fig. [21 where the behavior of Tc as a function of eB for 
different values of a mass parameter m is displayed. The 
critical temperature behaves as 



rjiZ 



a{rn)fh + k(to) [eB 



l-(5(m) 



(13) 



The parameters are listed in Table |T] for different multi- 
ples of mo = 0.05. Note that as m — > 0, (5(to) — > and 
K{rh) — > 0.0583. For small values of mass, curves for the 
critical temperature are hardly distinguishable. A similar 
behavior was found in Ref. [2l| for the parity-preserving 
case. Moreover, the dependence of Tc on mass becomes 
stronger as fh grows bigger. This implies that as a — >■ 1, 
T+ depends more conspicuously on the mass, whereas 
T~ is roughly independent of it. 

Figure[3]displays the temperature dependent light- and 
heavy-fermion condensates for 0.1 < a < 0.2 at fixed 
eB = 1 and m = 0.1. We observe that for low tempera- 
tures, the effects of the magnetic field are dominant, as 
expected. The lighter the fermions, the more visible these 
effects are. As temperature increases, thermal effects 
start dominating the fermion condensation. In a selected 
range of values of a, we observe that the thermal effects 
for moderate values of T are enhanced for light-fermions. 



FIG. 4: Temperature dependent condensates as a function of 
T at fixed eB = 1 and m = 0.1 for 0.2 < a < 0.4. Light- 
shadowed region between dashed lines: Light-fermion con- 
densate. Dark-shadowed region between solid lines: Heavy- 
fermion condensate. 
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FIG. 5: Magnetic field dependent condensates as a function 
of eB at fixed T = 2 and m = 0.1 for 0.2 < a < 0.4. Light- 
shadowed region between dashed lines: Light-fermion con- 
densate. Dark-shadowed region between solid lines: Heavy- 
fermion condensate. 



but for heavy-fermions, thermal effects are more visible 
at sufficiently higher temperatures. 

In Fig. [3 we show the magnetic field dependence of 
the condensates for fixed values of T (T ~ 2) and m 
(771 = 0.1). The parallel behavior of the two conden- 
sates seems to be affected only by the magnitude of the 
light- and heavy-fermion mass, and not necessarily by 
the parity- violating nature of rrio. Such an effect, how- 
ever, might be evident at the non-perturbative level |22| . 
In this connection, study of the dynamical mass gener- 
ation and the corresponding calculation of the thermal 
conductivity is currently under way |23| . Once the con- 
densates have been evaluated, we can relate them with 
the Schwinger effect as we show in the next section. 



IV. EFFECTIVE LAGRANGIAN 

An interesting application of our findings comes from 
the relation which exists between the condensate and the 
one-loop effective Lagrangian £^^^ [isl . [24J 



W) = 



dm± 



(14) 



in an external electromagnetic field. In this section we 
shall obtain the magnetization of a gas of noninteract- 
ing fermions [23 through this effective Lagrangian in the 
presence of a constant magnetic field. As a second appli- 
cation, by replacing eB -^ —ieE, we derive this quantity 
in an external uniform electric field and compare against 
the Schwinger formula for pair production. 



A. Magnetization 

Let us now proceed with the calculation of the magne- 
tization of a gas of Dirac fermions of light and heavy 
species. The one-loop effective Lagrangian for each 
species at zero temperature in the presence of a magnetic 
field is simply given as 



££) 



1 



ds e 



S2 



[eBscoth{eBs)- 1] . (15) 



^(1) 



Therefore, the magnetization M± = dC\. /dB for each 
species is 



M± 



e 

' T 3" 

87r2 



ds e 



S2 



coth [eBs) — 



eBs 



sinh (eBs) 



(16) 



In the weak field limit, expanding the expression in the 
square bracket and by direct integration, we find that 



M4 



e'B 
127rm± ' 



(17) 



Expectedly, the magnetization grows linearly with the 
magnetic field and vanishes in its absence. Moreover, it 
is larger for the light species. The strong field case is 
better seen by writing Eq. (|16p in the equivalent form 



M± = - 



=C 



+ - 



em± 
■ie\/7B 



1 m| 



V^TT 



-c 



1 m\ 



2' 2eB 



(18) 



where C,{a, x) is the Hurwitz-zeta function. Thus, taking 
the limit m± « VeB, we find that 
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FIG. 6: Magnetization as a function of T at fixed m = 20 
and B = 5 for 0.2 < a < 0.4. Light-shadowed region between 
dashed lines: Light-fermion. Dark-shadowed region between 
solid lines: Heavy-fermion. 



Here, C(x) is the Riemann-zeta function. Thus the lin- 
ear dependence gets transformed into a square-root de- 
pendence for intense magnetic fields. After taking into 
account the fcator of 2 for the fermion species, expres- 
sions ((T5)) and (Uni) compare correctly with the results 
which can be inferred from Eqs. (A4, 7.4) of [5| respec- 
tively. 

Following the same reasoning, the effects of a thermal 
bath yield the following expression for the magnetization 
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e 
Stts jo 
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(0, e -iT^s j 



-64 0,e"^ 



coth (eBs) 



eBs 



sinh (eBs) 



(20) 



Again, assuming eB to be the smallest energy scale, we 
have that 



M± = - 



e'B 

12TTm± 



which reduces to 



M± 



(l-2n(m±)) , 



e^B 



247rr 



(21) 



(22) 



at high temperatures. Thus in the high temperature 
limit, we recover the free case, as can be observed in 
Fig. [5] This is expected since in this regime, the effective 
Lagrangian approaches the thermodynamic potential for 
a gas of non interacting massive fermions. However, if 
T <C m± , the magnetization for each fermion species re- 
duces to the vacuum case, Eq. ([TT]). which agrees with 
the result of Ref. [251 for each species. 

In order to obtain the strong inagnetic field behavior, 
let us focus on the thermal part of Eq. ([71]) alone. The 
vacuum part corresponds to Eq. (J19p . We integrate term 



by term with respect to m± the infinite sum and then 
differentiate with respect to B. Thus the thermal part of 
the magnetization can be expressed as 



Ml 



e 



E 



1=0 

-Tln(l- 



Bl h{j2eBl + m^^) 



2eBl + m| 



-y'2eBl+m^/T^ 



) , 



(23) 



In the strong field limit, we have 



Mi = -- 



2tt 



E 
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-Tlnfl 



/^BI n{^/2eBl) 




(24) 



which is dominated by the ^ = 0, magnetic field indepen- 
dent contribution. Higher Landau levels are exponen- 
tially suppressed. The contribution to the magnetization 
for the I = and I = 1 levels, along with the vacuum 
contribution thus yields 



M± = -- 



'eBe- 



3e^ 



VStt 



erin(2) 

2^ 



^/87r 



-CI -5 



(25) 



The last term, which corresponds to the vacuum contri- 
bution, leads the behavior of the magnetization in this 
regime. The weak- and strong magnetic field behavior of 
the magnetization are illustrated in Fig. [7l The strong 
field approximation, Eq. ()25p . which is a much simpler 
expression than Eq. (PU)) . lies on top of the exact result 
for intense fields. When the fields are weak, the corre- 
sponding limit, Eq. ([22| describes the exact result per- 
fectly well. Note that it is not possible to appreciate the 
difference between the three results in that region due to 
the smallness of M± and the fact that the plot has been 
drawn on a logarithmic scale along the a;- axis. Next we 
consider the pair production rate. 



B. Pair production 

We can perform a consistency check of our findings 
against the Schwinger's formula for pair production, 
Ref. [i^. Let us remember that the Schwinger mech- 
anism is understood in terms of an imaginary part devel- 
oped by the effective action due to the instability caused 
by an intense uniform electric field. Such an imaginary 
part is readily obtained from the condensate by simply 
replacing eB — s- ~ieE, i.e.. 



A(^^)f = -^r^e-- 
47r2 Jo Tj^ 

Using the identity 



[eEij cot{eEri) - 1] .(26) 
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FIG. 7: Magnetization as a function of eB at fixed rh = 
0.05 and T = 5. Solid-line: Exact result, Eq. (pOt : Dashed- 
line: Strong field limit, Eq. (|25p : Dot-dashed-line: Weak field 
result, Eq. 



in Eq. ([26| . we get 



A(V5V^)f 



m±eE y—^ Y^ 

n— 1 .s — ±1 



drj 



~"i±V 



V- 



eErj 



(28) 



In order to obtain the pair production probability, we 
use the prescription ttij. — ?► m\ -\- ie in Eq. ([28|) . It is 
equivalent to moving the cotangent poles by an amount 
"ie" above the Re{j]) axis. Thus, it is easy to show that 
the imaginary part of the condensate in the presence of 
an electric field is 



Im[A{Tjj'iJj) 



m±eE 



oo 

EE 

n=ls=±l 



drj 



-mj_ri 



x5{eErj -{- smr) 



m±{eE) 2 
An 



E- 
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71,2 



Therefore, the pair production rate is, [26 



'(1) 



1 



2Im[C'^>] = -^{eEY^ 



3 ,^ g-(7rmi/eB)r 



47r^ 



n=l 



(29) 



(30) 



Recall that the total rate is given by the first term in the 
summation alone. This result can be straightforwardly 
generalized to the case of parity violating mass terms con- 
sidering now the light- and heavy-fermion species, shown 
in Fig.[H] Expectedly, increasing the intensity of the elec- 
tric field, lighter fermions are much easier to produce 
than heavy ones. Thus, parity-violating effects favor the 
production of the light species over the heavy one. 



CONCLUSIONS 



cot{eEr]) = 



eErj 



ri=ls=±l 



eErj ■ 



(27) We study the temperature and magnetic field depen- 

dence of the fermion anti-fermion condensate for planar 
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FIG. 8: Pair production rate as a function of eE at fixed 
m = 0.1 for 0.1 < a < 0.2. Light-shadowed region between 
dashed lines: Light- fermion. Dark-shadowed region between 
solid lines: Heavy-ferinion. 
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FIG. 9: Temperature and field dependent fermion condensate 
in the units of rb? as a function of eBjiri} at fixed T. Solid 
line: exact result, Eq. (|12|) . Dashed line: strong field limit, 
Eq. (|31|l . Long-dashed line: intermediate field limit, Eq. (|33|l . 
Dotted line: weak field limit, Eq. (|37p . 



QED, allowing for the parity violating mass terms. The 
4-component study of this Lagrangian naturally leads 
us to consider two species of fermions which are non- 
degenerate in mass. Correspondingly, there are two types 
of condensates, with the magnetic field and temperature 
pulling them apart in diametrically opposed directions. 
The effects of the external ingredients are more pro- 
nounced for the lighter species of fermions as compared 
to the heavier one. We carry out a detailed quantitative 
analysis of this statement. Moreover, we also compute 
the nragnetizatioir induced by the magnetic fields aird 
the pair productioir rate for both the species in the pres- 
ence of air external electric field. For the former case, 
the magnetization becomes independent of the mass of 
each species as the field increases, but it vanishes when 
the temperature gets higher. In the later case, with the 
increasing electric field intensity, it is relatively easier to 
produce pairs of light species. For the mass m = 0.1, 
the production rate for the light pairs is twice as much 
as that of the heavy species for the electric field inten- 
sity of the order of 3, as shown in the Fig. HI Keepiirg 
in mind that the parity violating 2+1-dimensional La- 
grangian has a host of applications in various condensed 
matter systems, we expect our results to have importairt 
bearing on their studies. 
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APPENDIX 

Below we analyze different sceirarios of relative 
streirgths of the mass m (for a general discussion in 
this appendix, we adopt the notatioir to instead of m± 
and {'ijjijj) instead of ('0V') ± )i the magnetic field eB and 
the temperature T, namely, intense magnetic fields, i.e., 
ifi <$:. T <^ VeS, intermediate magnetic fields, to ^ 
\/eB <C T, and weak magnetic fields, a/g-B <^ rn ^T. In 
these limits, we obtain uncomplicated and closed expres- 
sions. What is interesting is that in some cases, these sim- 
ple results can be used instead of the complete Eq. P^ 
in all ranges of relative strengths of the energy scales 
involved without losing the quantitative precision by a 
significant margin. Some of these results can be com- 
pared and contrasted with the ones obtained in [2l|, [23| . 



A. Strong field limit 

Assuming the strength of the magnetic field to be the 
largest of the energy scales involved, the main contribu- 
tion to the condensate comes from the lowest Landau 
level, I = 0, which takes the form 



eB 

47r 



A{i}^p)l = -—[l-2fiirh)] . 



(31) 



Furthermore, when rh <^ T, the leading contribution to 
the condensate is then given by 



. ,j ,,r eB rh 



(32) 



A comparison against the exact result is shown in Fig. |9l 
The dashed curve, that corresponds to the expression in 
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FIG. 10: Relative error of the condensate. Dashed line: strong 
field asymptotics, Eq. (|32|l . Long-Dashed line: intermediate 
field asymptotics, Eq. (|34|l . 



Eq. (PTj) . approaches the exact result (solid curve) as the 
strength of the field increases. 



B. Intermediate Field 

In order to obtain the intermediate field limit, we per- 
form a high temperature expansion in the Fermi-Dirac 
distribution in Eq. (|lip . The leading term in this series 
can be written as follows 



A{4,^)1 



meB 

47r2 
eB 

An 



drj 



-r}m 



coth{eBri) 



(33) 



where we have introduced an ultraviolet cutoff (2/3)7r^r^ 
due to the fact that in the limit eB — >■ 0, each component 
of the transverse momentum contributes to the thermal 
bath with a factor {l/3)7r^T^. Notice that in Fig. [5] the 
behavior of Eq. ([55]) , displayed as the long-dashed curve, 
resembles the strong field behavior for large values of 
eB. In order to see the difference between Eqs. (PT|) 
and p3p . we consider the regime where rh^ ^ eB in 



Eq. ([55]) . which yields the following leading contribution 
to the condensate. 



Mi'^fs 



1 24 eB m 

8^T 



O eB 



T3 



Comparing Eqs. ((M|) and (|32p . we see that 



{Ailplp)]^} inter 



{Ai-lplp)]^} strong 




^ \ ^ « 0.879794, 



(34) 



(35) 



so that the asymptotic behavior of Eq. ([55)) for large val- 
ues of eB has an error of 12% compared to strong field 
approximation (Eq. ([32]) ) which is the exact behavior in 
that region. It may appear that for large magnetic field, 
the curve with intermediate magnetic field strength ap- 
proximates the exact result better than the one with large 
field limit! This is not quite the case. This is depicted in 
Fig. 1101 where we show the relative error. 



e = 



{A(V5^)i}e 



{A(ViV')S}a, 



symp 



{Ailjjlp)]!;} exact 



(36) 



of the condensate as a function of the field strength for 
the asymptotic expressions of strong and intermediate 
field regions, Eqs. ([32)) and ([34)) . respectively. The curve 
with the intermediate field strength in fact overshoots 
the exact result for large magnetic fields. 



C. Weak field limit 

In the weak field limit, we perform a Taylor's series for 
eB <^ m? in Eq. ([T^ and we get 



A{^^ij)l = A{^i^f 

{eBffi{m) 
"^ 127rm2 
1 (eB)2 



m 

— (l-n(m)) 



247r -fh? 



(37) 



This expression is shown as a dotted line in Fig. ([5]), 
which neatly matches onto the exact result for weak 
fields. 
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